This paper considers a hybrid I/O automata model for an automated guided vehicle (AGV) system. A set of key properties of an AGV system are characterized for the correctness of the system. An abstract model is constructed from the hybrid automata model to simplify the proof of the constraints. The two models are equivalent in terms of bisimulation relation. We derive the constraints to ensure the correctness of the properties. We validate the system by analyzing the parameters of the constraints of the AGV system.
Introduction
Complex systems cannot be described by a pure discrete model or a continuous model [1] [2] [3] . Hybrid models have become increasingly popular in the last few decades as systems become increasingly complex. A hybrid system is a dynamic system with interacting continuous time triggered and discrete event triggered dynamics [1, 2, [4] [5] [6] . Many applications involve hybrid systems, such as embedded controllers [7] , robotics [8, 9] , mobile computing [10] , and process control [11] , in which high reliability is a requirement [4] . To model such a system, we need to describe and analyze it with the rigorous use of mathematics. An I/O automaton is used to model concurrent and distributed discrete event systems [12] . A hybrid input/output automaton (HIOA) [4] is a framework, which is developed by Lynch et al. and extended from hybrid automata for modeling complex hybrid systems. This is done by dividing the state variables of a HIOA into two sets, classified as internal variables and external variables, where the external variables include input variables and output variables. Discrete transitions and continuous trajectories can change the states of a system. An extremely important feature of the hybrid I/O automaton framework is that the hybrid system is divided into multiple modules. These modules are described so that the hybrid system can be modeled easily. The hybrid I/O automaton uses the external variables, input variables, and output variables to communicate among the automatons.
Automated guided vehicles (AGVs) are robots that move on the floor of a facility directed by a combination of software and sensor-based guidance systems. Earlier inventions on AGVs can be dated back to Barrett Electronics in 1953. One of the oldest publications on AGV can be found in [13] . In the past, AGVs were typically deployed to manufacturing facilities due to their efficiency, accuracy, and flexibility. Nowadays, AGVs are also used in warehouses, distribution centers and transshipment terminals, and so forth for repeated transportation tasks [14, 15] . The tracking path for the AGV can be designed as a circle, ellipse, sine wave, or other shapes such as arbitrary curves [16, 17] . The tracking trajectory is very important as many papers develop effective approaches to solve it, but our AGV is an example of applying HIOA modeling. Our modeling is inspired by [2] . But unlike [2] which uses a straight line orbit that can be approximated 2 Journal of Applied Mathematics to one-dimension, we investigate a two-dimensional problem where an automated guided vehicle moves along a circular painted orbit.
The first contribution of this paper is the formal modeling of an automated guided vehicle system using hybrid I/O automata. The second contribution of this paper is a set of important constraints which are characterized to ensure the correctness of the properties of the vehicle system. In order to simplify the model, we abstract a model from the hybrid automata of the AGV and establish a bisimulation relation between the two automata.
This paper is organized as follows. In Section 2, an automated guided vehicle system is introduced. In Section 3, the HIOA framework is introduced. In Section 4, we present a HIOA model of the AGV system and abstract a model from HIOA model. We prove that the two models have a bisimulation relation. In Section 5, we extract the key properties and deduce the corresponding constraints to ensure the correctness of the properties. We analyze the parameters of the AGV system at the end of Section 6. Finally, we point out some directions for future work.
An Automated Guided Vehicle System
We introduce the structure and behavior of a vehicle. The vehicle consists of five components: the left wheels, the right wheels, chassis, sensor, and controller. Figure 1 shows a circular orbit tracking of our vehicle which is the focus of the remainder of this paper. The vehicle has two degrees of freedom. One is the velocity such that, at any time , it can move forward with a speed of V( ), with the restriction that 0 ≤ V( ) ≤ 10 mph (miles per hour). The other degree of freedom is the circular movement of the vehicle such that at any time the vehicle can rotate its body via the wheels with an angular speed of − ≤ ( ) ≤ rad/s (radians per second). Ignoring the inertia of the vehicle, we assume that we can instantaneously change the velocity or angular speed. The sensor measures the displacement ( ) between the center of the vehicle and the center of the track using an array of photodiodes. As the AGV passes over the track, the diode directly above the track generates more current than the other diodes. If the vehicle is close enough to the track, it will move forward. When the vehicle strays too far to the left, it will steer to the right; and when the vehicle strays too far to the right, it will steer to the left. The vehicle can be stopped at any time as long as it receives the control signal. If the vehicle is too far away from the track that it is difficult to follow the track, then it moves backward.
Hybrid I/O Automata Framework
In this section, we first introduce some basic notions about the model we use and then consider the definitions and theories of hybrid automata, hybrid I/O automata, and their operations [4] . More detailed discussion of the hybrid I/O automata can be found in [4] . 
Basic Notions.
Hybrid behaviors, including discrete behavior, continuous behavior, and information flows into the system, are often described using static and dynamic variables, trajectories, and hybrid sequences. First, we introduce several basic notions involved in hybrid behavior. A location of the internal state of a system or a location of a connection between a component of a system and a component of another system can be represented as a variable, which may be static in type and denote a set of values of the variable, or dynamic in type and indicate a set of trajectories of the variable. A set of variables can be changed by discrete transitions, which are taken via discrete actions when they are enabled or by trajectories over a time interval. A hybrid sequence represents a series of changes that occur instantaneously along with the evolution of time and may be finite or infinite.
Hybrid Automata.
As hybrid I/O automata are an extension of hybrid automata, we define the structure of hybrid automata first in order to describe the hybrid I/O automata. The definition of hybrid automata is given below, where ≜ denotes mathematical definition. For a more detailed description, see [4] . (viii) is a set of trajectories for . For every ∈ and ∈ dom( ) (domain of ), we have ( )⌈ ∈ , where ( )⌈ V is the restriction of ( ) to ; that is, the function with dom( ) = dom( ) ∩ V such that ( ) = ( ). We require the following axioms:
(A1) for all ∈ for all ≤ ∈ ; (A2) for all ∈ for all ∈ dom( ) ⊳ ∈ where ⊳ denotes (( ⌈[ , +∞)) − ); (A3) suppose 0 , 1 , 2 , . . . , , . . . is a sequence of trajectories in ; if is closed and ⋅ state = +1 ⋅ state, where ∈ N, is not the last trajectory of the hybrid sequence, then
The execution fragment of a hybrid automaton is a hybrid sequence = 0 1 1 2 , . . . , +1 , . . ., where ∈ , where is a nonnegative integer and is defined in Definition 1; and if is not the last trajectory, then ⋅ state +1 → +1 ⋅ state, where state represents the last state and state denotes the first state. Any input trajectory of the composition can be accepted by the composition, and we say that the components of the composition are strongly compatible HIOAs. Trace is the external behavior of a hybrid I/O automaton. Concatenation represents two hybrid sequences linked together. Let and be hybrid sequences and closed, with the concatenation being denoted by _ ≜ init( )(last( )_head( ))tail( ).
3.3.
Hybrid I/O Automata. We described the hybrid automata above. Here, we present the behavior and structure of a HIOA. A HIOA is used to model a complex hybrid system. The discrete state of the controller can be modeled by control modes, represented as internal variables. Each mode observes an invariant condition. The internal variables can be changed in two ways: in a discrete transition or in a continuous trajectory. External variables, including input variables and output variables, are used to exchange information between two automatons. Here is the definition of a hybrid input/output automaton. For a more detailed description, see [4] . (A1) for all ∈ for all ∈ ∃ ∈ such that → , (A2) let trajs( ) denote the set of all trajectories for , for all ∈ for all ∈ trajs( ) ∃ ∈ such that ⋅ state = , ↓ ≤ , and either (a) ↓ = , or (b) is closed and some ∈ is enabled in ⋅ state,
We further define (i) ≜ ∪ is a set of variables that are locally controlled, and
(ii) ≜ ∪ is a set of actions that are locally controlled.
Typically, it is difficult to model a complex system in one shot. HIOA can decompose a hybrid system into multiple components, model the modules as HIOAs, respectively, and then compose them in the end. We introduce a very important operation to compose two HIOAs, denoted as symbol ‖. For the proof of Theorem 3 and Lemma 4, see [4] . The proof refers to [4] . According to [18, 19] , we define a bisimulation as follows. 
Modeling the AGV System
We model the AGV system using HIOA. Inspired by [2] , the AGV system is modeled as a network of hybrid automata as shown in Figure 2 . The model consists of five parts: chassis, left wheels, right wheels, sensor, and controller, respectively. The five components communicate via shared variables. In Figure 2 , variables 1 and 2 are the angles of the left and right wheels relative to the -axis positive direction of globe coordinate, respectively. Variables and represent the chassis coordinates with respect to the global coordinate frame. Variable is the distance ( ) from which the center of the AGV deviates from the center of the track at time . The variable is used to communicate between the sensor and the controller. The controller receives the variable , sends control signals to the left wheel and the right wheel, and then changes the mode of the AGV.
XOY is the global coordinate frame. V is the forward velocity of the car. sample is the sampling time. is the angular speed of the vehicle. ( ) is the displacement of the center of the vehicle from the track at time . 1 is the threshold indicating that the AGV is close enough to the center of the track that the AGV can move straight ahead in a forward mode. 2 is the threshold indicating that there is too great a distance between the center of the AGV and the center of track, and that the vehicle must therefore be steered to the other side. 3 is the threshold denoting that the vehicle has strayed so far from the center of track that the vehicle is in an unsafe condition and must be moved back via switching to the back mode. is the maximum angle of vehicle velocity direction to the tangential direction of the center point on the track, where 0 ≤ ≤ /2. is the angle of the vehicle velocity direction to the -axis positive direction. is the angle of the vehicle velocity direction to the tangential direction of the center point on the track, where − ≤ ≤ . is the radius of the track.
The AGV system is decomposed into five components and modeled as hybrid automata: chassis, LWheel, RWheel, sensor, and controller, respectively.
Component Chassis.
The chassis secures the position of each component. The state is composed of three state variables: ⟨ , , ⟩ where is the -coordinate of the center of the vehicle; is the -coordinate of the center of the vehicle; and is the angle of the vehicle velocity direction to the -axis positive direction. We use differential algebraic equations (DAEs) to describe the dynamic of the chassis. Initially, we ensure that the vehicle moves forward, and the initial condition is
From Figure 2 , the chassis secures the wheels. Hence the left wheels, right wheels, and the chassis have the same angles. We obtain the following algebraic equation:
(2)
Component LWheel.
We model the behavior of left wheels as the hybrid automaton LWheel. The left wheel has external variables: 1 , which gives the -coordinate of the left wheel; 1 , which gives the -coordinate of the right wheel; and 1 , which is the angle of the moving direction of the left wheel to the -axis positive direction. The types of these variables are real. This hybrid automaton model has no actions or discrete transitions, just satisfied trajectories. It communicates with the controller via the Boolean variable control and is stop. We obtain differential equations for the left wheel as follows:
Component RWheel.
Since the left wheels and right wheels are symmetrical, we omit the description of the right wheels.
Component Sensor.
We model the behavior of the sensor as the hybrid automaton sensor, whose output at time , Journal of Applied Mathematics 5 for all ( ) = ( ( ), ( )), gives the center position of the AGV relative to the center of the track, shown in Figure 1 . The sensor communicates with the controller through the variable , which equals ( ). Since the hybrid automaton sensor has no internal variables, and there are neither actions nor discrete transitions, only the following algebraic equation is met for the trajectories of the sensor:
Component Controller.
The controller can be divided into two levels. The supervisory controller determines the structure of the mode transition and guards the enabled transitions. The low-level controller determines the timebased inputs to the system. We are modeling the behavior of the controller as a hybrid automaton controller, whose input is the sensor value and the output the control signals to the left and right wheels that determine the operation of the wheels. There is a clock built into the controller for measuring the time interval since the last sampling. We use the variable to represent this clock. A clock can be modeled as a first-order differential equation, and the clock variable is defined as follows:
where is the rate of the clock, is the variable of time, and = [ ( )]/ . In our model, the value of can be a constant 1.
The controller has a variable , which gets its value from the sensor. There are two variables recording the value of the sensor: variable new sample, used to record the latest sample value, and variable sample, used to record the last sample value. In order to ensure that the vehicle moves forward, the initial states should satisfy:
We define a transition as occurring when a guard in an outgoing transition from the current state becomes enabled. This control logic is captured in the mode transitions. The outputs are the pure signals is stop, forward, and backward. There are three Boolean variables recording the outputs, is stop, control, and control, respectively. We use an asterisk * to represent the next sample value. When the internal action clock transitions is taken, each state transition that is enabled will be taken:
where denotes the event trigger. For trajectories we require that
for all time 1 , 2 between clock transitions; that is, 1 , 2 ∈ [ ⋅ sample , ( + 1) ⋅ sample ) for all ∈ N.
The new sample will record the new value from the sensor: new sample = ( ) .
For every state, the following equations must hold: 
The control logic determines the change in the state of the controller. Our AGV is running on the circular track. Since the circle is symmetrical, it suffices for us to just consider the situation of the first quadrant. The refinement of the mode gives the dynamic behavior of the output as a function of the input. We know that the displacement ( ) is the function of and and that the control logic guards the transitions whether enabled or not. They are as follows:
4.6. Composition. Since the left wheels, the right wheels, and the chassis have no output, they cannot be regarded as hybrid I/O automata. Since 1 and 2 are the internal variables of wheels, we are modeling the three components as the hybrid I/O automaton Plant by hiding these variables. In our model, Plant, is stop, control, and control are inputs, and and are outputs:
Likewise, the sensor can be regarded as a hybrid I/O automaton, for which the inputs are and , and the output is . The controller can also be viewed as a hybrid I/O automaton for which the input is , and the outputs are is stop, control, and control. According to Theorem 3 and Lemma 4, all of the components of the system are HIOAs and the composition also an HIOA. We have obtained a complete hybrid I/O automaton of the AGV system by hiding the external variables:
4.7. Abstraction. We expect that the AGV is always moving forward and never moves backward and use (14) to describe this situation. We select the appropriate threshold and ensure that the vehicle moves in the way we expect by specifying parameter constraints for all reachable states of the hybrid I/O automata :
In addition, we hope that the forward mode occurs infinitely often:
In order to simplify the model, we abstract a model from the previous model . Then, we use model instead of . We find the constraints we need from model to guarantee the correctness of the properties that we expect. Here, we simplify the model in several ways, as follows.
Based on (8), we know that the value of the variable sample remains unchanged during the interval after the current sampling and before the next sampling. Therefore we can easily prove that (14) is satisfied. We cannot consider the influence of the clock variable . Furthermore, we assume that the vehicle is at the initial state at the time 0:
We find that the variables new sample and sample are ruled out in our abstract model. Now, we use the refinements of the five modes of AGV to describe the dynamic behavior of an AGV. The formulas of the five modes are given as forward , right , left , back , and stop , respectively; step is the disjunction of the five:
Now we get the abstract model of the AGV system. Since the abstract model omits the time variable, it is simpler than the original model. We will derive and verify the properties using the abstract model. There are two kinds of typical errors in formal verification, one is true error, where errors exist in the physical system, but the result of formal verification is correct. The reason of first kind of error is because we abstract a model from our original model, and the details we omitted may lead to the errors of original model being omitted, so we get a passing proof. The other is false error which do not exist in the physical system but the result of formal verification is incorrect. The reason is that abstract model omitted the details of original model. The abstract model cannot express the original system due to lack of information from the original system, and then the result of formal verification is incorrect. In order to ensure the two kinds of errors never occur, we prove the original model and the abstract model have a bisimulation equivalence relationship. 
Proof. Use (14) and (15) Proof. Owing to the limitation of space, we do not provide a detailed proof of Theorem 9, but the key step will be given. and satisfy the following condition: 
Correctness

The Desired Properties of
. For a system, we often hope that bad things will never happen, a situation called safety, that good things will eventually happen, and that they will happen infinitely often, a situation called fairness. We express the properties via invariants. For our system, we expect the displacement from the center of the AGV to the center of the track to never be larger than the threshold 3 , and never be less than the threshold − 3 . At the same time, we ensure that lies in the interval [− , ].
Property 1.
The vehicle always moves forward and never moves backward. It can be described as
Property 2. The vehicle moves forward infinitely often. It can be described using the temporal logic formula Proof. Use Lemma 8, Theorem 9, and (8) to prove Lemma 10.
Parameter Constraints of the AGV System.
In this section, we will give several parameter constraints for our AGV system. They are indispensable to guaranteeing the correctness of the properties of safety (20) and fairness (21). We define them in (22).
Parameter Constraints. Consider the following 
Proof. In the first step, we prove that safety ∧ 1 ⇒ 0 ≤ * ( ) ≤ 3 holds. Since the circle is symmetrical, we only need to consider the situation of the first quadrant. In order to guarantee that | ( )| ≤ 3 is met in all cases of outside the circle track, we consider the most extreme case of the outside of the circle. First of all, suppose that the vehicle moves on the outside of the circle shown in Figure 3 . The vehicle is very close to point at the time of the current sampling, and ( ) ≤ 2 . The vehicle then moves forward to with = at the next sampling; the ( ) reaches the largest displacement. We use 1 to illustrate that 0 < ( ) ≤ 3 holds for . The derivations in (24) show that * ( ) ≤ 3 .
Deriving from 1 . Consider the following: Since the vehicle moves on the outside of the circle, ( ) * > 0. Therefore, safety ∧ 1 ⇒ 0 < * ( ) ≤ 3 . In the second step, we prove that safety ∧ 2 ⇒ − 3 ≤ * ( ) ≤ 0 holds. In order to guarantee that | ( )| ≤ 3 in all cases inside the track of the circle, we consider the most extreme case inside. First of all, suppose that the vehicle moves on the inside of the circle shown in Figure 4 . The vehicle is very close to point at the time of the current sampling, with ( ) > − 2 , and then moves forward to with = − at the next sampling, where the vehicle reaches the farthest to the track. We use 2 to illustrate that − 3 ≤ ( ) < 0 holds for . The derivations in (25) show that * ( ) ≥ − 3 .
Deriving from 2 . Consider the following:
(use the Law of cosines)
Since the vehicle moves on the inside of the circle, * ( ) < 0. Therefore, safety ∧ 2 ⇒ − 3 ≤ * ( ) ≤ 0. In the third step, we prove that safety ∧ 3 ⇒ * ∈ [− , ] holds. Constraint sample ≤ is required to guarantee that is always in the interval [− , ]. First of all, we consider the scenario shown in Figure 5 . We build a coordinate frame shown in Figure 5 . If the vehicle reaches point in the current sampling, the vehicle will steer to the left. The angle < 0 (the angle between 
Theorem 12. If 4 holds for , then the property of is an invariance of
; that is,
Proof. In order to ensure that the vehicle moves forward infinitely often, we avoid the situation of always steering to left after steering to right, and steering to right after steering to left. We consider the scenario shown in Figure 6 . The center of the vehicle is very close to point A in the current sampling, and ( ) < 2 , with the velocity direction approximate parallel to the direction of the tangent of point , shown as a dashed 
Analysis of Constraints
In this section, we analyze the parameters of our AGV system. We rewrite the constraints as shown in (27).
Rewrite Constraints. Consider the following: 
We assume that the value range of V is from V min to V max , sample is from min to max , is from min to max , 1 is from 1 min to
